We establish a Penrose-Ward transform yielding a bijection between holomorphic principal 2-bundles over a twistor space and non-Abelian self-dual tensor fields on six-dimensional flat space-time. Extending the twistor space to supertwistor space, we derive sets of manifestly N = (1, 0) and N = (2, 0) supersymmetric non-Abelian constraint equations containing the tensor multiplet. We also demonstrate how this construction leads to constraint equations for non-Abelian supersymmetric self-dual strings.
Introduction
Gauge theories describe the dynamics of both a connection on a principal bundle and a set of fields that form sections of associated vector bundles. The connection defines parallel transport of fields along paths in space-time. Locally, a connection is given by a Lie algebra-valued differential 1-form called the connection 1-form. Taking the pathordered exponential of the integral of this 1-form along the path, we obtain a group element describing the effect of the parallel transport (holonomy).
Consider now the generalisation of parallel transport from point-like objects, which we parallel transport along paths, to one-dimensional objects such as strings, which we parallel transport along surfaces. Analogously to the integral over the connection 1-form, we expect here to integrate over a surface and therefore the existence of a 2-form potential.
Such a 2-form potential appears in the connective structure of a gerbe, and gerbes will thus replace the notion of principal bundles.
Abelian gerbes appear in various guises, e.g. in terms of stacks of groupoids [1] or the bundle gerbes of [2] . The non-Abelian case is more intricate, as it requires the introduction of a "surface ordering". This problem is overcome by the non-Abelian gerbes of [3, 4] .
These non-Abelian gerbes are special cases of so-called principal 2-bundles [5] , which are categorified bundles in the sense of [6] . 1 Theories describing the dynamics of the connective 1 See [7] for a comprehensive account on the different approaches. structure on principal 2-bundles 2 are known as higher gauge theories [8] . Particularly interesting are higher gauge theories in six dimensions with a 2-form potential that has a self-dual 3-form field strength. In the following, we will refer to general theories containing a self-dual 3-form field strength as self-dual tensor field theories. Such theories are expected to play an analogous role in the description of M5-branes and NS5-branes in type IIA string theory as Yang-Mills theories do for D-branes. Various self-dual tensor field theories have been proposed recently, see e.g. [9] , however, very few use the framework of higher gauge theory, e.g. [10, 11] .
As we shall demonstrate, a useful guiding principle for the development of non-Abelian self-dual tensor field theories is the twistor approach of [12, 13] (see [14] for an earlier account). There it was shown that holomorphic Abelian 1-gerbes over a suitable twistor space are bijectively mapped to Abelian 2-form potentials with self-dual 3-form field strength via a Penrose-Ward transform. Replacing the Abelian gerbes by holomorphic principal 2-bundles, we therefore expect to be able to establish a bijection between such 2-bundles and solutions to the field equations of a self-dual tensor field theory based on higher gauge theory. In addition, if we replace the twistor space by the appropriate supertwistor space, we should obtain the supersymmetric extensions of these equations.
As a result directly derived from this twistor description, we shall also discuss briefly non-Abelian supersymmetric self-dual strings. Recall that the self-dual string [15] is a field configuration of a 2-form potential with a self-dual 3-form field strength, which is translationally invariant along a temporal and a spatial direction. Such configurations are thus obtained by a dimensional reduction of a self-dual tensor field theory, and this dimensional reduction is easily implemented at the level of twistor geometry as shown in [12] .
In this paper, we shall address the extensions of the twistor construction developed in [12, 13] to both the non-Abelian case as well as the supersymmetric setting. We start in Section 2 with a brief review of the notion of principal 2-bundles and connective structures.
We establish the Penrose-Ward transform for a (purely bosonic) non-Abelian tensor field equation in Section 3. In Section 4, we extend the Penrose-Ward transform supersymmetrically to the cases of both N = (1, 0) and N = (2, 0) supersymmetry and construct non-Abelian constraint equations on (chiral) superspace involving the tensor multiplet. We also discuss the reduction of our constructions to the self-dual string equation in Section 5 before concluding in Section 6.
Higher gauge theory with principal 2-bundles
In the transition from gauge theory to higher gauge theory, we have to replace principal bundles by principal 2-bundles. The gauge groups, which are given by the structure groups of principal bundles, are correspondingly replaced by Lie crossed modules. 3 We first review Lie crossed modules and their linearisations before coming to the definition of principal 2-bundles. Our discussion will be very concise; for further details, see e.g. [5, 16, 8] .
Lie crossed modules
A Lie crossed module is a pair of Lie groups G = (G 0 , G 1 ) together with an automorphism action of G 0 on G 1 and a group homomorphism t : G 1 → G 0 , where for all g ∈ G 0 and h, h 1 , h 2 ∈ G 1 , i) t is equivariant with respect to conjugation,
ii) and the so-called Pfeiffer identity holds:
A simple example of a Lie crossed module is the inner automorphism Lie 2-group C G,Inn = (G, G) where G is some Lie group, t is the identity and is the adjoint action. We can extend this to the automorphism Lie 2-group C G,Aut = (Aut(G), G) where G is some Lie group, Aut(G) are its automorphisms, t is the obvious embedding via the adjoint action and is the canonical action. Other interesting examples of Lie crossed modules include the central extension Lie 2-group C N = (SU(N ), U(N )) with t and being the obvious projection and the adjoint action, respectively, as well as the shifted version 4 of U(1), bU(1) = (1, U(1)), where both t and are trivial.
Linearising both groups in a Lie crossed module G = (G 0 , G 1 ) at their identity elements, we obtain the notion of a differential crossed module 5 which is an L ∞ algebra that plays the role of the gauge algebra. A differential crossed module g is a pair of Lie algebras g = (g 0 , g 1 ) with an action of elements of g 0 as derivations of g 1 and a Lie algebra 3 A Lie crossed module is the same as a strict Lie 2-group or a Lie groupoid. This motivates our notation in this paper. 4 Note that every Lie group G is a Lie 2-group bG over a one element set with both t and being trivial.
This shift is the first step in horizontal categorification. 5 A differential crossed module is the same as a strict Lie 2-algebra or a 2-term L∞ algebra with vanishing Jacobiator. for all x ∈ g 0 and y, y 1 , y 2 ∈ g 1 . The differential crossed module corresponding to C G,Aut is g = (g 0 , g 1 ), where g 0 = g 1 = Lie(G 0 ), t is the identity and the adjoint action.
The linearisation of the Lie crossed modules C N and bU(1) are c N = (su(N ), u(N )) and bu(1) = (1, u(1)) with the obvious maps t and . Interestingly, the 3-algebras that appear in M2-brane models are also special cases of differential crossed modules [11] .
Principal 2-bundles
In the following, let M be a manifold with an open (Stein) covering U = {U a } that we choose sufficiently fine in each situation. Recall that a principal bundle E over M with structure (Lie) group G is a manifold that is locally diffeomorphic to the spaces U a ×G. The spaces U a × G are then patched together to the total space of E by the transition functions g ab . The transition functions are given by an element of the firstČech cohomology group
the following cocycle conditions are satisfied 6
Two cocycles g ab and g ab are considered equivalent (or cohomologous), if we have a set of smooth maps g a : U a → G such that
A trivial principal bundle has therefore transition functions g ab that can be split according
In this case, we shall also write g ab ∼ 1.
Analogously, we define a principal 2-bundle E with (strict) structure Lie 2-group G = (G 0 , G 1 ) as a space that is locally diffeomorphic to the spaces U a × G, patched together by a set of transition functions g ab : 
We normalise again h aa = 1. Thus, a trivial principal 2-bundle has transition functions (g ab , h abc ) such that there are smooth maps (g a , h ab ) satisfying
Here, we have used that g 1 = 1.
Note that a principal 2-bundle with structure Lie 2-group C G,Aut corresponds to the nonAbelian gerbes of [3] and [4] while Abelian gerbes (as the bundle gerbes of [2] ) are obtained from principal 2-bundles with structure Lie 2-group bU(1). Note also that analogously to the notion of holomorphic principal bundles, which come with holomorphic transition functions, we can introduce holomorphic principal 2-bundles. Pull-backs of principal 2-bundles can be defined via the pull-backs of the transition functions.
Connections and curvatures on principal 2-bundles
Recall that a connection ∇ on a principal G-bundle E over some manifold M can be defined by a g-valued 1-form on the total space of E, where g = Lie(G). This 1-form can be pulled back to the patches U a , which yields g-valued 1-form potentials A a . From the potentials, we derive curvature 2-forms
Gauge transformations are given by sections of the automorphism bundle of E and are locally of the form
where g a : U a → G. On overlaps of patches, the potential 1-forms (and correspondingly the curvatures) are connected by patching relations induced by the transition functions, which take the form of gauge transformations restricted to the overlaps:
where, as before, the g ab are the transition functions.
Consider now a principal 2-bundle E with structure Lie 2-group G = (G 0 , G 1 ) and corresponding Lie 2-algebra g = (g 0 , g 1 ). A connective structure on E is given by a set of local potentials (A a , B a ), where A a are local 1-forms taking values in g 0 , while B a are local 2-forms taking values in g 1 . We define the corresponding curvatures according to
Notice that here we abuse notation slightly by including the wedge product between differential forms into the action of ' '. Concretely, we have for any ω ∈ Ω r ⊗ g 0 and
Roughly speaking, the 2-form potentials are responsible for the parallel transport along a surface, while the 1-form potentials are responsible for the parallel transport along the boundary of the surface. It has been shown [17] that for the parallel transport along surfaces to be reparametrisation invariant, the so-called fake curvature has to vanish:
This equation implies that H a obeys a Bianchi identity, that is,
where in the last step we have used (2.12). It also implies that
We shall refer to the equations (2.11) and (2.13) as non-Abelian tensor field equations.
Gauge transformations of a connective structure on a principal 2-bundle E are given by sections of the automorphism 2-bundle of E. Locally, they are given by G 0 -valued functions g a and g 1 -valued 1-forms Λ a . Their action on the potentials and curvatures reads as
Note that the fake curvature (2.13) is covariant under these gauge transformations, that is, F a → g −1 a F a g a . Moreover, upon imposing F a = 0, we realise that the transformation of
The potential forms on different patches are again related by gauge transformations restricted to the overlaps. Here, the transformation is induced by the transition function g ab together with an g 1 -valued 1-form Λ ab such that
The additional 1-forms Λ ab have to satisfy the following consistency condition:
For a motivation of this condition, see e.g. [8] and references therein.
Twistor description of self-dual tensor fields
So far we have considered principal 2-bundles equipped with connective structures on general manifolds. In this section, we wish to present a twistor space interpretation of the non-Abelian self-dual tensor field equations on six-dimensional flat space-time M 6 , that is,
By virtue of (2.11) and (2.13), we then have that
Note that H = H transforms covariantly under gauge transformations since F = t(B).
The twistor space suitable to describe chiral theories is the space that parametrises totally null 3-planes in complexified space-time M 6 := C 6 . It was introduced in [18] and used recently in [12, 13] 7 to describe, amongst other things, the Abelian self-dual tensor field equation. After a brief review of the construction of this twistor space, which we denote by P 6 , we shall establish a Penrose-Ward transform between equivalence classes of certain holomorphic principle 2-bundles over P 6 and gauge equivalence classes of solutions to (3.1). As common to many twistor constructions, we shall work in a complexified setting but reality conditions leading to Minkowski or Kleinian signature can be imposed at any stage of the construction. 8
7 See [14] for an earlier account.
8 See e.g. Appendix A of [12] for more details on this point.
Twistor space
We have an identification of the tangent bundle T M 6 ∼ = S ∧ S with the anti-symmetric tensor product of the (rank-4) bundle S of anti-chiral spinors. Hence, we may coordinatise space-time M 6 by x AB = −x BA , where A, B, . . . = 1, . . . , 4 are spinor indices. Indices may be raised and lowered by the Levi-Civita symbol
We also use partial derivatives with respect to x AB which we denote by
To define the twistor space P 6 , we first consider the projectivisation F 9 := P(S ∨ ) ∼ = C 6 × P 3 of the dual of S. We coordinatise F 9 by (x AB , λ A ), where the λ A are homogenous coordinates on P 3 , and refer to it as the correspondence space. On F 9 we consider the twistor distribution D := V A that is generated by the vector fields V A := λ B ∂ AB ; notice that λ A V A = 0 and hence, D is rank-3 distribution. Since D is integrable, we have a foliation of F 9 by three-dimensional complex manifolds. Finally, the twistor space P 6 := F 9 /D is obtained as the quotient of the correspondence space by the twistor distribution.
Altogether, we arrive at a double fibration:
Clearly, the projection π 2 is the trivial projection. To understand the projection π 1 , we point out that P 6 can also be viewed as a hypersurface in P 7 \ P 3 . Concretely, if we let (z A , λ A ) be homogeneous coordinates on P 7 \ P 3 , then P 6 is given by the zero locus
This makes clear that the projection π 1 in (3.3) is given by
Because of the incidence relation,
any point x ∈ M 6 in space-time corresponds to a three-dimensional complex manifold
2 (x)) → P 6 in twistor space which is bi-holomorphic to P 3 . Conversely, for any point p := (z, λ) ∈ P 6 in twistor space, we find a totally null 3-plane π 2 (π
7)
9 Brackets denote normalised anti-symmetrisation of the enclosed indices while we shall use parantheses to denote normalised symmetrisation.
where x AB 0 is a particular solution to (3.6) and µ A is defined modulo terms proportional to λ A .
Penrose-Ward transform
Having recalled the basic ingredients, we shall now describe non-Abelian self-dual tensor fields via twistor geometry. To this end, letÛ = {Û a } be a sufficiently fine open (Stein) cover of P 6 and letÊ → P 6 be a topologically trivial holomorphic principal 2-bundle with structure Lie 2-group G = (G 0 , G 1 ) over twistor space. As discussed in the previous section, E can be described by a collection of holomorphic transition functionsĝ ab :Û a ∩Û b → G 0 withĝ aa = 1 andĥ abc :Û a ∩Û b ∩Û c → G 1 withĥ aa =ĥ aab =ĥ abb = 1 subject to the cocycle condition (2.6) and modulo the equivalence relation (2.7). Note that becauseÊ is assumed to be topologically trivial, the transition functionsĝ ab andĥ abc are smoothly (but not holomorphically) cohomologous to one:ĝ ab ∼ 1 andĥ abc ∼ 1. In spirit of the Ward construction [19] of self-dual Yang-Mills fields in four dimensions, we shall also assume that E becomes holomorphically trivial on any complex projective 3-spacex = π 1 (π
. Put differently, upon restriction tox ∼ = P 3 , the transition functionsĝ ab andĥ abc are holomorphically (not just smoothly) cohomologous to one:ĝ ab |x ∼ 1 and h abc |x ∼ 1.
Let us now pull backÊ via the projection π 1 to obtain a holomorphic principle 2-bundle E → F 9 over the correspondence space, E := π * 1Ê . If we let U = {U a := π −1 1 (Û a )} be the induced covering of F 9 , then E is described by the holomorphic transition functions g ab := π * 1ĝ ab and h abc := π * 1ĥ abc . If we let d π 1 be the relative exterior derivative along the fibration π 1 : F 9 → P 6 , that is, d π 1 only contains the vector fields V A = λ B ∂ AB generating the twistor distribution, then we have
by the definition of a pull-back. Furthermore, because of our assumption ofÊ being holomorphically trivial on anyx, the principle 2-bundle E is holomorphically trivial on all of F 9 and hence, g ab and h abc are holomorphically cohomologous to one: g ab ∼ 1 and h abc ∼ 1. Explicitly, this means that g ab and h abc can be split as This latter fact allows us to introduce relative differential 1-forms by setting
i.e. a a and b ab have components only along the fibration π 1 : F 9 → P 6 . In the following, we shall denote the sheaf of relative differential r-forms on F 9 by Ω r π 1 . Moreover,
as a short calculation reveals. Furthermore, from (3.9a) it follows that the a a are patched together by 12) while from (3.9b), we find 13) and therefore, together with b aa = 0, we have b ab = −b ba . Equation (3.13) implies that the b ab define an element of the cohomology group
However, this group is zero 10 and hence, we can split b ab as
(3.14)
Furthermore, from a a − a b = t(b a ) − t(b b ), we find that the relative 1-forms
are globally defined, that is, A a = A b on U a ∩ U b . Thus, there exists a globally defined relative 1-form A π 1 with A a = A π 1 | Ua . Next we define a collection of relative 2-forms by
Using (3.11), (3.12), and (3.14), one can show that B a = B b on U a ∩ U b . Hence, the B a define a global relative 2-form B π 1 on the correspondence space with B a = B π 1 | Ua . From the definition (3.16), we find
Clearly F a = F b and likewise H a = H b since A a = A b and B a = B b on U a ∩ U b and hence,
10 This simply follows from the fact that H 1 (F 9 , Ω 1 π 1 ) vanishes [12] .
Note that the splitting (3.9a) is not unique as we can always perform g a → g a g for some global holomorphic G 0 -valued function g. Likewise the splitting (3.14) is unique only up to shifts by some g 1 -valued global relative 1-form
the a a and b a are unique up to a a →ã a := g −1 a a g + g −1 dg and b a →b a := g
Under these transformations, A a and B a and thus A π 1 and B π 1 behave as
As it should be, the relation F π 1 = t(B π 1 ) is covariant under (3.19) , that is,F π 1 = t(B π 1 ).
In summary, we have constructed a relative connective structure on the holomorphically trivial principal 2-bundle E → F 9 consisting of a relative 1-form A π 1 and relative 2-form B π 1 (both defined globally) such that
and
Because of the last equation, this connective structure is said to be (relatively) flat. The final step in our construction is to push this relative connective structure on E down to space-time to obtain a holomorphic principal 2-bundle
Clearly, E will be holomorphically trivial but as we shall see momentarily, the connective structure (A, B) on E will be self-dual.
Using the isomorphisms between global relative differential r-forms on the correspondence space and spinor fields on space-time as obtained in [12] (see also [13] ), we may expand (A π 1 , B π 1 ) and (F π 1 , H π 1 ) as 
In general, a 3-form H = ∇B = dB + A B on space-time reads in spinor notation as
where H AB and H AB represent the self-dual and anti-self-dual parts of H, respectively.
Therefore, using the 1-form A AB and the 2-form B A B obtained in (3.21), we find a 3-form
which is self-dual, i.e. H = H. Hence, ∇ H = ∇H = 0. In spinor notation, this is
We point out that equations of motion (3.21) constitute, in fact, a non-linear set of differential equations for B since A is determined by B via the fake curvature equation. In that sense, A does not contain additional (physical) degrees of freedom and we end up with a self-dual 3-form H determined by the 2-form potential B. In addition, note that since the gauge parameter g appearing in (3.19) is holomorphic and globally defined it can only depend on x AB (since P 3 is compact). Likewise, the gauge parameter Λ π 1 is holomorphic and defined globally, so there is a similar expansion for Λ π 1 as for A π 1 . Thus, the gauge transformations (3.19) reduce to the space-time gauge transformations displayed in (2.15).
That is, the non-uniqueness in the splittings of the transition functions results in gauge freedom of the space-time fields.
Conversely, any such holomorphic principal 2-bundle over the twistor space arises from solutions to (3.21) and the expansions (3.20) . Altogether, we may summarise our above discussion in the following theorem:
There is a bijection between (i) equivalence classes of topologically trivial holomorphic principal 2-bundles over the twistor space P 6 that are holomorphically trivial when restricted to any complex pro-
2 (x)) → P 6 for x ∈ M 6 and (ii) gauge equivalence classes of (complex holomorphic) solutions to the non-Abelian selfdual tensor field equations (3.1) on space-time M 6 .
Supersymmetric extension
In this section, we would like to extend the above discussion supersymmetrically. In particular, we shall first introduce N = (n, 0) superspace for n = 1, 2, discuss its associated supertwistor space, and eventually derive a set of non-Abelian constraint equations involving the tensor multiplet.
Supertwistor space
To discuss N = (n, 0) supersymmetry, let us extend space-time M 6 by 8n fermionic directions and consider N = (n, 0) superspace M 6|8n ∼ = C 6|8n := C 6 ⊕ ΠC 8n with coordinates (x AB , η A I ), where x AB are the usual Graßmann even (bosonic) coordinates and η A I are the Graßmann odd (fermionic) coordinates with R-symmetry indices I, J, . . . = 1, . . . , 2n.
Here, Π is the Graßmann parity changing operator. We then introduce the derivatives,
which satisfy the anti-commutator relations
where Ω := (Ω IJ ) is an Sp(n)-invariant 2n × 2n matrix. Here, Sp(1) ∼ = SU(2) and Sp(2) ∼ = USp(4) ⊂ Sp(4, C) are the R-symmetry groups of the superconformal groups OSp(2, 6|2n) in six dimensions. The group Sp(2) is defined as the elements of SU (4) leaving Ω invariant.
It is therefore given by the intersection SU(4) ∩ Sp(4, C). We choose Ω to read as 11
The correspondence space is defined in a similar manner as before, that is, F 9|8n ∼ = C 6|8n × P 3 and equipped with the coordinates (x AB , η A I , λ A ). Then the twistor distribution generalises to
which is a rank-3|6n distribution since λ A V A = 0 = λ B V IAB . One can check that D is integrable. Therefore, we may define supertwistor space by the quotient P 6|2n := F 9|8n /D
11 Note that we are working in a complexified setting, and one could therefore wonder about the existence of Ω for the complexification of Sp(n). As we can always impose reality conditions to restrict to the real case, we ignore this point in the following.
so that
As in the purely bosonic case, π 2 is the trivial projection while π 1 acts as 6) so that the incidence relation reads as
Furthermore, the quadric equation equation (3.4) becomes
As before, the incidence relation (4.7) establishes a relation between points and certain submanifolds. In particular, any point x ∈ M 6|8n corresponds to a complex projective
2 (x)) → P 6|2n while for any point p ∈ P 6 in twistor space we find a totally null 3|6n-superplane π 2 (π
Here, (x AB 0 , η 0 A I ) is a particular solution to (4.7) while the parameters µ A and θ IAB are defined modulo λ A which implies that we have 3|6n parameters in total parametrising a totally null 3|6n-superplane.
Penrose-Ward transform and constraint equations
Let us now consider a topologically trivial holomorphic principal 2-bundleÊ → P 6|2n with structure Lie 2-group G = (G 0 , G 1 ) over supertwistor space P 6|2n . 12 We shall assume thatÊ becomes holomorphically trivial upon restriction to any projective 3-spacex =
2 (x)) → P 6|2n . We may now follow the same steps as in the previous section to arrive at a holomorphically trivial principal 2-bundle E → F 9|8n on the correspondence space equipped with a flat relative connective structure. As the derivation is essentially the same, we do not need to repeat it here. The equations we find are Now we would like to push these equations down to M 6|8n . Of course, the expansions of the relative differential forms A π 1 , B π 1 , F π 1 , and H π 1 are more complicated due to the fermionic directions. In particular, the relative exterior derivative reads as
where the e A and e IAB = 1 2 ε ABCD e CD I are defined modulo terms proportional to λ A . Then we have 2 (x)) → P 6|2n for x ∈ M 6|8n and (ii) gauge equivalence classes of (complex holomorphic) solutions to the constraint equations (4.14) on the superspace M 6|8n .
Let us conclude with some remarks concerning the physical field content of our constraint equations. Under gauge transformations, the fields (H AB , ψ I A , φ IJ ) transform onshell as (H AB , ψ I A , φ IJ ) → g −1 (H AB , ψ I A , φ IJ ). Furthermore, at the linearised level, it is easy to see that they satisfy the (superspace) free field equations
For n = 1, the fields (H AB , ψ I A , φ IJ ) constitute the N = (1, 0) tensor multiplet consisting of a self-dual 3-form, two spinors, and a scalar. The N = (2, 0) tensor multiplet consists of a self-dual 3-form, four spinors, and five scalars, but for n = 2, it appears that we find six scalars instead. This is similar to the ambitwistor picture for maximally supersymmetric Yang-Mills theory in four dimensions in the N = 4 formalism. 13 Here, the twistor description yields too many scalar fields and an additional constraint has to be imposed to restrict 13 Notice that the ambitwistor space sits naturally in P 6 [12] .
the field content [20] . 14 In our case, we can impose the condition Ω IJ φ IJ = 0 to reduce the field content of the constraint equations (4.14) to that of the maximally supersymmetric tensor multiplet. 15 Note that this constraint obviously preserves supersymmetry. This yields non-Abelian constraint equations containing the N = (2, 0) tensor multiplet which at the linearised level obeys (4.16) . Exposing the meaning of the other fields contained in the field strength F will require further analysis [22] .
Supersymmetric non-Abelian self-dual strings
The (Abelian) self-dual string equation [15] Because dimensional reductions on space-time have usually rather straightforward interpretations on twistor space, we can easily derive the twistor description of non-Abelian supersymmetric self-dual strings from our above discussion. In the Abelian and bosonic case, the appropriate twistor space is the hyperplane twistor space constructed in [12] .
Here, it merely remains to supersymmetrically extend this twistor space and adapt the domain of the Penrose-Ward transform to holomorphic principal 2-bundles. We will be therefore rather concise in our description and refer to [12] for most details.
On four-dimensional superspace M 4|8n ∼ = C 4|8n , we have coordinates x αα , ηα I , θ Iα , where α,α = 1, 2 are spinor indices of SL(2, C) and I = 1, . . . , 2n is the R-symmetry index. These coordinates arise from the ones on M 6|8n in a straightforward manner; the R-symmetry index is raised using the Sp(n)-invariant matrix Ω IJ .
The correspondence space F 6|8n is defined as the product M 4|8n × P 1 × P 1 , which we coordinatise by x αβ , ηα I , θ Iα , λα, and µ α . To obtain twistor space, we divide by the twistor distribution, which is spanned by the vector fields 14 This problem can be avoided by working in the N = 3 formalism at the cost of not making manifest the full N = 4 supersymmetry. 15 Such a constraint is absent in the twistor description of N = (1, 1) super Yang-Mills theory in six dimensions [21] .
As usual, we raise and lower the spinor indices α,α with the invariant ε-tensors of SL(2, C), e.g. λα = εαβλβ. Notice that λαVα = µ α V α . Altogether, we arrive at the following twistor correspondence, which is the supersymmetric extension of the hyperplane twistor space:
Here, π 2 is the trivial projection while π 1 acts as
with the incidence relation z = x αβ µ α λβ , η I = ηα I λα , and
We can identify the twistor space P 3|4n with the total space of the vector bundle O(1, 1) ⊕ C 2n ⊗ (ΠO(1, 0) ⊕ ΠO(0, 1)) over P 1 × P 1 . One readily verifies that here, the geometric twistor correspondence is between points in M 4|8n and sections of P 3|4n as well as between points on P 3|4n and supersymmetric, 3|4n-dimensional hyperplanes in M 4|8n . This completes the description of the hyperplane supertwistor space.
The Penrose-Ward transform is now straightforwardly adapted from the twistor space P 6|2n to the hyperplane supertwistor space P 3|4n . We start from a topologically trivial holomorphic principal 2-bundleÊ with structure 2-group G = (G 0 , G 1 ) over P 3|4n and pull it back along π 1 . TheČech cocycles describing the pullback 2-bundle π * 1Ê give rise to a relative connective structure along π 1 . Expanding the corresponding differential forms in the homogeneous coordinates λα and µ α , we find the relevant field equations on M 4|8n .
These are mere dimensional reductions of equations (4.14). Explicitly, we arrive at the connective structure (A, B) of a trivial principal 2-bundle with structure 2-group G = (G 0 , G 1 ) over M 4|8n together with a Higgs field φ taking values in the Lie algebra of G 1 , cf. [12] . For the sake of brevity, we focus on the equations for the purely bosonic components of the connective structure; the other equations are easily derived from (4.14).
In particular, we have the fake curvature conditions f αβ = t(B αβ ) , fαβ = t(Bαβ) , and t(φ) = 0 (5.5a) and the non-Abelian self-dual string equation
(5.5b)
Conclusions
We started from the twistor space P 6 that underlies the description of self-dual 3-forms in six dimensions in terms of holomorphic Abelian gerbes. We extended this twistorial description by considering holomorphic principal 2-bundles over P 6 subject to certain triviality conditions. This led to a bijection between equivalence classes of such 2-bundles and gauge equivalence classes of solutions to higher gauge theory for a self-dual 3-form curvature. We then considered a supersymmetric extension P 6|2n of the twistor space P 6 .
Here, we derived a set of N = (n, 0) supersymmetric non-Abelian constraint equations (4.14) on superspace that contain the tensor multiplet. By virtue of the Penrose-Ward transform, all solutions to these constraint equations were shown to be given by holomorphic principal 2-bundles over P 6|2n . In that sense, (4.14) constitutes a (classically) integrable theory of interacting 2-forms including scalars and fermions. From our twistor description of a higher gauge theory containing the tensor multiplet, we could directly derive a corresponding picture for non-Abelian supersymmetric self-dual strings.
The most obvious open problem to address is the in-depth analysis of the constraint equations we found on superspace and the extraction of the corresponding equations of motion on space-time. That is, we have to develop the six-dimensional analogue for (4.14)
of the discussion presented in [23] 16 , where it was shown that the constraint equations (in both N = 3 and N = 4 formalisms) of maximally supersymmetric Yang-Mills theory lead to a set of superfield equations which in turn are equivalent to the ordinary super YangMills equations. This involves partially fixing gauge to reduce supergauge transformations to ordinary ones. We shall return to this issue in a forthcoming publication [22] .
Moreover, it would be interesting to see if our approach could lead to a suitable description of multiple M5-branes. To this end, our equations should pass a number of consistency checks. In particular, one should develop a reasonable reduction mechanism of our equations to five-dimensional super Yang-Mills theory. The nature of this mechanism is not obvious to us at the moment. Perhaps less difficult could be the reduction of the constraint system (4.14) to that of maximally supersymmetric Yang-Mills theory in four dimensions [23] . Besides that, it would be important to compare the construction of non-Abelian self-dual strings with the loop space picture developed in [25] .
16 See [24] for similar expansions in the case of three-dimensional supersymmetric Chern-Simons theories in the context of M2-branes.
